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Abstract
In this paper, we calculate the contribution of the late time mode of a massless vector field to
the power spectrum of the primordial gravitational wave using retarded Green’s propagator. We
consider a non-trivial coupling between gravity and the vector field. We find that the correction
is scale-invariant and of order H
4
M4
P
. The non-minimal coupling leads to a dependence of H
2
M2
, which
can amplify the correlation function up to the level of H
2
M2
P
.
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I. INTRODUCTION
General relativity as a combination of field theory and geometry [1], has been fascinating
us with its marvelous achievements and richness even hundred years after its birth. Accord-
ing to General relativity, gravity is the interaction between matter and space-time geometry.
In this dynamical description of the space-time geometry, gravitation waves(GW) play an
important role of storing and transporting energy and momentum. In this way, GW can
be produced via the transformation of the space-time geometry itself and left an imprint in
it. Therefore, through the study of GW, we might get rich information directly about new
physics especially in the very early universe.
At the very early stage of our universe, it is supported that there has been through
an exponential expansion which is arguably best described by inflation. Inflation models
generally predict the generation of a stochastic background of primordial GW [6–8]. It
might be able to shed light on the knowledge of our early universe if we are capable of
getting information from the data of this GW background. The detection of primordial
GW focuses on the observational signal of B-modes, a curl-like pattern that GW left in
the Cosmic Microwave Background. Aiming at finding B-modes, there are a number of
ongoing or forthcoming experiments, such as ACTPol [2], Polarbear [3], Spider [4], PRISM
[5], LiteBIRD [13]. Beside the primordial GW from inflation, there are many other sources
which can generate GW during the early stages of the universe, like cosmic deficits, phase
transitions, and so on [9–12].
In this paper, we are specifically interested in the GW sourced by vector fields, which is
non-minimal coupled with curvature. See [14–17] for more about this kind of non-minimal
coupling. For simplicity, we only consider the late time mode of a massless vector field as a
first try. The case of massive vector fields will be considered in the coming future. This paper
is organized as the following: In section II, we will derive the equation of motion of the vector
field and the energy-momentum tensor for the vector-tensor theory we are considering; In
section III, we will compute the GW induced by this vector field; Our conclusion is given in
section IV.
We will use the following conventions: sign(gµν) = (−,+,+,+), Rµν = Rαµαν , Rµναβ =
Γµβν,α − Γµαν,β + ΓµαλΓλβν − ΓµβλΓλαν .
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II. A GENERAL ACTION FOR A VECTOR FIELD WITH NON-MINIMAL COU-
PLING TO GRAVITY
In this section, we will present the general action for a vector field with non-minimal
coupling to gravity which gives rise to second-order equations of motion. we will derive the
energy-momentum tensor and the equation of motion of the vector field.
The action is:
S =
∫
d4x
√−g
(
M2P
2
R − 1
4
F µνFµν +
1
4M2
LαβγδFαβFγδ
)
=
∫
d4x
√−g
(
M2P
2
R − 1
4
F µνFµν +
1
2M2
RµνρσF˜
µνF˜ ρσ
)
, (1)
where Lαβγδ = 1
2
ǫαβµνǫγδρσRµνρσ is the dual of the Riemann tensor, and F˜
µν = 1
2
ǫµναβFαβ
the dual of Fµν = ∇µAν − ∇νAµ, with ǫαβµν = ǫ[αβµν] the Levi-Civita tensor. M2 denotes
the non-minimal coupling between the vector field and gravity. See [14] for more details of
the construction of this action. As mention in [14], this action is constructed based on the
divergent-free tensors in 4 dimensions, leaving the non-minimal coupling of the Horndeski
interaction shown in the action eq.(1) the only interaction which involves the kinetic terms
for a vector field and gives rise to second order equations of motion in 4 dimensions. Be-
cause of the divergent-free constraint and the antisymmetry property of Fµν , only L
αβγδ can
be coupled to FµνFαβ , as shown in eq.(1). While the other way of contraction of indices
LαβγδFαγFβδ is proportional to L
αβγδFαβFγδ because of the Bianchi identity:
Lαβγδ + Lαγδβ + Lαδβγ
=
1
2
[gαρgβσgµγgνδ − (µ↔ σ)− (ν ↔ σ)]Rµνρσ
=
1
2
gαρgβσgµγgνδ(Rρσµν +Rρµνσ +Rρνσµ) = 0 , (2)
which leads to LαβγδFαγFβδ =
1
2
LαγβδFαγFβδ. So this proportionality can be reabsorbed in
the coupling M2.
Now we shall study the equation of motion of the vector field. Variation of the action
eq.(1) by a small vector field is
δS =
∫
d4x
√−g
(
∇µF µν − 1
M2
∇γ(LαβγνFαβ)
)
δAν , (3)
from which we derive the equation of motion for the vector field:
∇µ(F µν − 1
M2
LµναβFαβ) = (g
µαgνβ − 1
M2
Lµναβ)∇µFαβ = 0 . (4)
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Within the FRW metric ds2 = −dt2 + a2(t)dx2, the 0− and i− components of the equation
of motion of the vector field are
0 = (−1 + 4H
2
M2
)a−2(∂i∂iA0 − ∂iA˙i) (5)
0 = (−1 + 4H
2
M2
)a−2[(∂0 +H)(A˙
i − ∂iA0)] + (1− 4
M2
a¨
a
)a−4[∂l(∂lA
i − ∂iAl)]
+2(
4H˙
M2
)a−2H(A˙i − ∂iA0) . (6)
For photons and massive vector bosons in the transverse direction, we have qiA
i = 0, thus
A0 = 0 from the 0− component of the field equation. While the i− component gives:
0 = (−1 + 4H
2
M2
)[(∂0 +H)A˙
i] + (1− 4
M2
a¨
a
)a−2[∂l(∂lA
i − ∂iAl)] + 8H˙
M2
HA˙i , (7)
or in momentum space:
A¨i + C1HA˙
i + C2
q2
a2
Ai = 0 , (8)
where
C1 =
1− 4
M2
(H2 + 2H˙)
1− 4H2
M2
, (9)
C2 =
1− 4
M2
(H˙ +H2)
1− 4H2
M2
. (10)
The vector field can be written as
Ai(x, t) =
∫
d3q
∑
λ
[
eiq·xei(qˆ, λ)α(q, λ)Aq(t) + e−iq·xe∗i (qˆ, λ)α∗(q, λ)A∗q(t)
]
, (11)
where λ = 1, 2 is the helicity index of a photon, ei(qˆ, λ) is the polarization vector. The
creation and annihilation operators satisfy usual commutation relations. The Aq(t) mode
then satisfies the following equation:
A′′q −H(1− C1)A′q + C2q2Aq = 0 , (12)
where H = a′
a
= a˙, with ′ being the derivative corresponding to the comoving time τ =
∫
dt
a
.
For a de Sitter space, the solution for a massless vector field of general wavelength is exactly
a plane wave
Aq(τ) = 1
(2π)3/2
√
2q
e−iqτ . (13)
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The energy-momentum tensor for the vector field can be derived from eq.(1):
Tµν =
2√−g
δS
δgµν
= −F ρµ Fνρ +
1
4
gµνF
αβFαβ
+
1
2M2
[−RαβρσF˜ αβF˜ ρσgµν + 8RµβρσF˜ βν F˜ ρσ + 4∇ρ∇σ(F˜ ρν F˜ σµ )] , (14)
with spacial components:
Tij = −F ρi Fjρ +
1
4
gijF
αβFαβ
+
1
2M2
[−RαβρσF˜ αβF˜ ρσgij + 8RiβρσF˜ βj F˜ ρσ + 4∇ρ∇σ(F˜ ρj F˜ σi )] . (15)
In (A), we show the derivation of the last term ∇ρ∇σ(F˜ ρν F˜ σµ ) in Tµν . Expanding the spacial
components of the energy-momentum tensor eq.(15) under the FRW metric gives
Tij =
e Tij +
ttTij +
xxTij +
txTij , (16)
with the following explicit expression
eTij = A˙iA˙j − a−2(∂iAk − ∂kAi)(∂jAk − ∂kAj)− 1
2
δijA˙kA˙
k +
1
2
a−2δij(∂kAl)(∂
kAl − ∂lAk) ,
(17)
ttTij =
1
2M2
[4(H˙ + 5H2)A˙jA˙i − 4(H˙ + 4H2)A˙kA˙kδij
−4HδijA˙kA¨k − 5a−2δij(∂kA˙l)(∂kA˙l) + 4a−2δij(∂kA˙l)(∂lA˙k)
+a−2(∂iA˙k)(∂jA˙
k) + a−2(∂kA˙j)(∂
kA˙i) + 2HA˙iA¨j + 2HA˙jA¨i
+4a−2(∂iA˙
k − ∂kA˙i)(∂jA˙k − ∂kA˙j)] , (18)
xxTij =
1
2M2
[a−2(28H˙ + 10H2)δij(∂kAl)(∂
kAl − ∂lAk)
+4a−4δij(∂m∂kAl)(∂
m∂kAl − ∂m∂lAk)− 4a−4δij(∂k∂kAn)(∂l∂lAn)
+a−2(−32H˙ − 14H2)(∂iAk − ∂kAi)(∂jAk − ∂kAj)
+4a−4(∂n∂kAj)(∂n∂iA
k) + 4a−4(∂n∂jAk)(∂n∂
kAi)− 8a−4(∂i∂kAe)(∂j∂kAe)
−4a−4(∂n∂kAj)(∂n∂kAi) + 8a−4(∂i∂jAk)(∂l∂lAk) + 4a−4(∂k∂kAi)(∂l∂lAj)
−4a−4(∂i∂kAj)(∂l∂lAk)− 4a−4(∂j∂kAi)(∂l∂lAk) + 4a−4(∂i∂kAe)(∂j∂eAk)] ,(19)
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txTij =
1
2M2
[18a−2Hδij(∂kAl)(∂
kA˙l − ∂lA˙k) + 4a−2δijA¨n(∂l∂lAn)− 4a−2HδijA˙k(∂l∂lAk)
−2a−2A¨i(∂k∂kAj)− 2a−2A¨j(∂k∂kAi)
+4a−2H(∂i∂jAk)A˙
k − 2HA˙k(∂j∂kAi)− 2a−2H(∂i∂kAj)A˙k
+2a−2H(∂k∂
kAi)A˙j + 2a
−2H(∂k∂
kAj)A˙i
−4a−2(∂i∂jAk)A¨k + 2a−2(∂i∂kAj)A¨k + 2a−2(∂j∂kAi)A¨k
−9a−2H(∂iAk − ∂kAi)(∂jA˙k − ∂kA˙j)− 9a−2H(∂iA˙k − ∂kA˙i)(∂jAk − ∂kAj)] . (20)
Despite the simple form of the action eq.(1) and the FRW metric, the expansion of the
energy-momentum tensor is not so simple. We will use these expressions of Tij and the
plane wave solution of the equation of motion for the vector field to calculate the two-point
correlation function for GW in the next section.
III. CORRELATION FUNCTION
In this section we will study the GW induced by the vector field non-minimally coupled
to gravity as shown in the previous section. Since we are dealing only with the tensor modes
here, the FRW metric is perturbed into
ds2 = −dt2 + (δij + hij)dxidxj . (21)
The equation of motion for the tensor perturbation hij , sourced by vector field at second-
order, can be expressed in conformal time as
h′′ij + 2
a′
a
h′ij − ∂2hij =
2
M2P
T TTij , (22)
where T TTij = Π
lm
ij Tlm, and Tij is the energy-momentum tensor of matter, and the TT-
projection tensor Π lmij ≡ Pmi P lj − 12PijP lm, while Pij is the projection operator defined
by
Pij = δij − kikj|k|2 , (23)
where ki/|k| denotes the propagation direction of a plane wave. The solution of eq.(22)
takes the following form
hij(k, τ) =
2
M2P
∫
dτ ′Gk(τ, τ
′)T TTij (k, τ
′), (24)
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and Gk(τ, τ
′) is the retarded propagator solving the homogeneous transformation of eq.(22).
Within a de Sitter background a(τ) = −(Hτ)−1, Gk(τ, τ ′) reads
Gk(τ, τ
′) =
1
k3τ ′2
[(1 + k2ττ ′) sin k(τ − τ ′) + k(τ ′ − τ) cos k(τ − τ ′)]Θ(τ − τ ′) . (25)
We will use eqs. (24, 25) in the following process. The two-point correlation function of the
tensor perturbation is
〈hij(k, τ)hij(k′, τ)〉
=
4
M4P
∫
dτ ′Gk(τ, τ
′)
∫
dτ ′′Gk(τ, τ
′′)
∫
d3p
∫
d3p′〈Πijlm(k)T lm(p, τ ′)Πijno(k′)T no(p′, τ ′′)〉 .
(26)
We choose some terms from 〈 eT lm(p, τ ′) eT no(p′, τ ′′)〉 to show the detail procedure of the
contraction of indices,
Πijlm(k)Πijno(k
′)〈A˙lA˙m[A˙nA˙o + a−2(p′nAf − p′fAn)((k′ − p′)oAf − (k′ − p′)fAo)
−1
2
δnoA˙f A˙
f − 1
2
a−2δnop′fAs((k
′ − p′)fAs − (k′ − p′)sAf)]〉
=
(
[Πln(pˆ)Πmo(k̂ − p) + Πlo(pˆ)Πmn(k̂ − p)]− 1
2
δno[Πlf(pˆ)Π
mf (k̂ − p) + Πlf(pˆ)Πmf (k̂ − p)]
)
×A˙p(τ ′)A˙∗p(τ ′′)A˙k−p(τ ′)A˙∗k−p(τ ′′)
+a−2[pn(k − p)oΠlf (pˆ)Πmf(k̂ − p) + (k − p)npoΠlf (pˆ)Πmf (k̂ − p)
−pn(k − p)fΠlf (pˆ)Πmo(k̂ − p)− (k − p)npfΠlo(pˆ)Πmf (k̂ − p)
−pf (k − p)oΠln(pˆ)Πmf (k̂ − p)− (k − p)fpoΠlf(pˆ)Πmn(k̂ − p)
+pf(k − p)fΠln(pˆ)Πmo(k̂ − p) + (k − p)fpfΠlo(pˆ)Πmn(k̂ − p)
−δnopf (k − p)fΠls(pˆ)Πms(k̂ − p) +
1
2
pf (k − p)sδnoΠls(pˆ)Πmf (k̂ − p)
+
1
2
(k − p)fpsδnoΠlf (pˆ)Πms (k̂ − p)]A˙p(τ ′)A∗p(τ ′′)A˙k−p(τ ′)A∗k−p(τ ′′)
= [1 +
(k · p)2
k2p2
+
(k · q)2
k2q2
+
(k · p)2(k · q)2
k4p2q2
]A˙p(τ ′)A˙∗p(τ ′′)A˙k−p(τ ′)A˙∗k−p(τ ′′)
+4a−2
(k · p)(k · q)
k2
A˙p(τ ′)A∗p(τ ′′)A˙k−p(τ ′)A∗k−p(τ ′′) ,
where
Πij(pˆ) ≡
2∑
λ=1
e∗i (pˆ, λ)ej(pˆ, λ) = δij −
pipj
|p|2 (27)
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for massless vector field. At the last step, and hereafter, we denote q ≡ k − p. The
contraction of indices is done by the mathematica package xAct [18]. The full contraction
of eT lm eT no is
Πijlm(k)Πijno(k
′)〈 eT lm(p, τ ′) eT no(p′, τ ′′)〉
= [1 +
(k · p)2
k2p2
+
(k · q)2
k2q2
+
(k · p)2(k · q)2
k4p2q2
]A˙p(τ ′)A˙∗p(τ ′′)A˙k−p(τ ′)A˙∗k−p(τ ′′)
+4a−2
(k · p)(k · q)
k2
A˙p(τ ′)A∗p(τ ′′)A˙k−p(τ ′)A∗k−p(τ ′′)
+4a−2
(k · p)(k · q)
k2
Ap(τ ′)A˙∗p(τ ′′)Ak−p(τ ′)A˙∗k−p(τ ′′)
+a−4p2q2[1 +
(k · q)2
k2q2
+
(k · p)2
k2p2
+
(k · p)2(k · q)2
k4p2q2
]Ap(τ ′)A∗p(τ ′′)Ak−p(τ ′)A∗k−p(τ ′′) .
For simplicity, the rest of the calculation will consider the late time mode of the plane-wave
solution, which is time independent. Insert this into (26), taking τ → 0, integrating over
time and momentums, we have
〈hij(k)hij(k′)〉eT eT
=
4δ3(k+ k′)
M4P
∫
dτ ′Gk(0, τ
′)
∫
dτ ′′Gk(0, τ
′′)
∫
d3p
a−2(τ ′)a−2(τ ′′)p2q2[1 +
(k · q)2
k2q2
+
(k · p)2
k2p2
+
(k · p)2(k · q)2
k4p2q2
]Ap(τ ′)A∗p(τ ′′)Ak−p(τ ′)A∗k−p(τ ′′)
∼ − 8
75
4δ3(k+ k′)
(2π)5
H4
M4Pk
3
. (28)
More details about the momentum integrals can be found in [19]. The above result, and
what follows in this paper, omitted divergent terms which should be renormalized away. We
leave this renormalization problem in the future research.
Repeating the same procedure, the two-point correlation function coming from the eT xxT
and xxT eT parts are:
〈hij(k)hij(k′)〉eTxxT
=
4δ3(k+ k′)
M4P
∫
dτ ′Gk(0, τ
′)
∫
dτ ′′Gk(0, τ
′′)
∫
d3p
7a−2(τ ′)a−2(τ ′′)H2
M2
p2q2[
(k · p)2(k · q)2
k4p2q2
+
(k · q)2
k2q2
+
(k · p)2
k2p2
+ 1]Ap(τ ′)A∗p(τ ′′)Ak−p(τ ′)A∗k−p(τ ′′)
∼ − 8
75
4δ3(k+ k′)
(2π)5
H4
M4Pk
3
7H2
M2
, (29)
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and
〈hij(k)hij(k′)〉xxT eT
=
4δ3(k+ k′)
M4P
∫
dτ ′Gk(0, τ
′)
∫
dτ ′′Gk(0, τ
′′)
∫
d3p
{7a
−2(τ ′)a−2(τ ′′)H2
M2
p2q2[
(k · p)2(k · q)2
k4p2q2
+
(k · q)2
k2q2
+
(k · p)2
k2p2
+ 1]
+a−4(τ ′)a−2(τ ′′)
2
M2
[
(k · p)3(k · q)q2
k4
− (k · p)(k · q)
3p2
k4
+
(k · p)2(p · q)q2
k2
− (k · q)
2(p · q)p2
k2
]}
Ap(τ ′)A∗p(τ ′′)Ak−p(τ ′)A∗k−p(τ ′′)
∼ − 8
75
4δ3(k+ k′)
(2π)5
H4
M4Pk
3
7H2
M2
. (30)
Since we are considering the late time mode of the vector field, non-zero contribution comes
from eT and xxT parts of the total energy-momentum tensor. Finally, summing up we have
〈hij(k)hij(k′)〉massless, late−time mode ≃ − 8
75
4δ3(k+ k′)
(2π)5
H4
M4P k
3
(
1 +
14H2
M2
)
. (31)
From the above result, depending on the realistic non-minimal coupling strength M2, the
non-minimal coupling effect might give rise to a sizable correction to the primordial GW of
order H
4
M4
P
14H2
M2
. For example, if the non-minimal coupling is strong enough to makeM2 ∼ H4
M2
P
,
the GW from this non-minimal coupling vector will be amplified to the level of H
2
M2
P
.
IV. CONCLUSION
In this paper, we calculated the contribution of the late time mode of a massless vector
field to the power spectrum of primordial gravitational wave using retarded Green’s prop-
agator. We considered a nontrivial coupling between gravity and the vector field with the
form 1
4M2
LαβγδFαβFγδ, which gives second-order equations of motion for both vector and
tensor. We find that the correction is scale-invariant and of order H
4
M4
P
. Depending on the
realistic non-minimal coupling strength M2, the correlation function can be enhanced up to
the level of H
2
M2
P
.
As a first try on calculating the non-minimal coupling between vector and the dual of
the Riemann tensor, we find that the result is quite interesting despite the fact that we are
considering the late time mode of a massless vector. We will study the massive vector which
is non-minimal coupled to gravity as a further work.
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Appendix A: Derivation of the energy-momentum tensor
In this appendix, we will use an example to show the derivation of the energy-momentum
tensor from an action which is different from the Einstein gravity. We will use the following
action
Smet =
∫
V
d4x
√−gf(G2), (A1)
where G2 ≡ RµνρσRµνρσ. Variation of the above action gives
δSmet =
∫
V
d4x[f(G2)δ
√−g +√−gf ′(G2)δG2]
=
∫
V
d4x[−1
2
f(G2)
√−ggαβδgαβ +
√−gf ′(G2)(4Rµ1νρσR νρσµ2 δgµ1µ2 + 2RµνρσδRµνρσ)]
=
∫
V
d4x
√−g{[−1
2
f(G2)gαβ + 4f
′(G2)RανρσR
νρσ
β ]δg
αβ + f ′(G2)2R
µνρσδRµνρσ}
=
∫
V
d4x
√−g{[−1
2
f(G2)gαβ + 4f
′(G2)RανρσR
νρσ
β ]δg
αβ + f ′(G2)2R
νρσ
µ δR
µ
νρσ}. (A2)
While the variation δRµνρσ is given by
δRµνρσ = δΓ
µ
σν;ρ − δΓµρν;σ
= −1
2
[gσα∇ρ∇ν(δgαµ) + gνα∇ρ∇σ(δgαµ)− gµγgσαgνβ∇ρ∇γ(δgαβ)]
+
1
2
[gρα∇σ∇ν(δgαµ) + gνα∇σ∇ρ(δgαµ)− gµγgραgνβ∇σ∇γ(δgαβ)]. (A3)
Now the variation of the action becomes
δSmet =
∫
V
d4x
√−g{[−1
2
f(G2)gαβ + 4f
′(G2)RανρσR
νρσ
β ]δg
αβ
+2f ′(G2)R
νρσ
µ [gρα∇σ∇ν(δgαµ) + gνα∇σ∇ρ(δgαµ)− gµγgραgνβ∇σ∇γ(δgαβ)]}.(A4)
The three terms in the second line of (A4) needs more calculation. Since the logic is exactly
the same, we use the first term as an example∫
V
d4x
√−g2f ′(G2)Rνρσµ gρα∇σ∇ν(δgαµ). (A5)
Define Uσ as
Uσ ≡ 2f ′(G2)Rνρσµ gρα∇ν(δgαµ)− 2δgαµgρα∇ν(f ′(G2)Rνρσµ ), (A6)
∇σUσ = 2∇ν[∇σ(f ′(G2)Rνρσµ )gραδgαµ]− 2∇ν∇σ(f ′(G2)Rνρσµ )gραδgαµ + 2f ′(G2)Rνρσµ gρα∇σ∇ν(δgαµ)
−2∇σ[δgαµgρα∇ν(f ′(G2)Rνρσµ )]. (A7)
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Then we have
∫
V
d4x
√−g2f ′(G2)Rνρσµ gρα∇σ∇ν(δgαµ)
=
∫
V
d4x
√−g{∇σUσ − 2∇ν [∇σ(f ′(G2)Rνρσµ )gραδgαµ] + 2∇ν∇σ(f ′(G2)Rνρσµ )gραδgαµ
+2∇σ[δgαµgρα∇ν(f ′(G2)Rνρσµ )]}. (A8)
Repeating the same procedure, we have
δSmet =
∫
V
d4x
√−g{[−1
2
f(G2)gαβ + 4f
′(G2)RανρσR
νρσ
β ]
+2∇ν∇σ(f ′(G2)Rνρσβ )gρα + 2∇ρ∇σ(f ′(G2)Rνρσβ )gνα − 2∇γ∇σ(f ′(G2)Rνρσµ )gµγgραgνβ}δgαβ
+
∫
V
d4x
√−g{∇σUσ − 2∇ν [∇σ(f ′(G2)Rνρσµ )gραδgαµ] + 2∇σ[δgαµgρα∇ν(f ′(G2)Rνρσµ )]
+∇σV σ − 2∇ρ[∇σ(f ′(G2)Rνρσµ )gναδgαµ] + 2∇σ[δgαµgνα∇ρ(f ′(G2)Rνρσµ )]
−∇σW σ + 2∇γ[∇σ(f ′(G2)Rνρσµ )gµγgραgνβδgαβ]− 2∇σ[δgαβgµγgραgνβ∇γ(f ′(G2)Rνρσµ )]},(A9)
where
V σ ≡ 2f ′(G2)Rνρσµ gνα∇ρ(δgαµ)− 2δgαµgνα∇ρ(f ′(G2)Rνρσµ ), (A10)
W σ ≡ 2f ′(G2)Rνρσµ gµγgραgνβ∇γ(δgαβ)− 2δgαβgµγgραgνβ∇γ(f ′(G2)Rνρσµ ). (A11)
Using the Gauss-Stokes theorem and imposing the boundary condition δgαβ = 0, we have
δSmet =
∫
V
d4x
√−g{[−1
2
f(G2)gαβ + 4f
′(G2)RανρσR
νρσ
β ]
+2∇ν∇σ(f ′(G2)Rνρσβ )gρα + 2∇ρ∇σ(f ′(G2)Rνρσβ )gνα − 2∇γ∇σ(f ′(G2)Rνρσµ )gµγgραgνβ}δgαβ
+
∮
∂V
d3yǫ
√
|h|nσ(Uσ + V σ −W σ), (A12)
where h the determinant of the induced metric, ǫ is equal to +1 if ∂V is time-like and -1 if
∂V is space-like. By choosing proper boundary terms, the last line in (A12) can be canceled.
Since we are not interested in the boundary terms, we won’t give further expressions for
them. More details about the boundary terms have been given in [20].
Finally, we have
δSmet
δgαβ
= −1
2
f(G2)gαβ + 4f
′(G2)RανρσR
νρσ
β + 4∇ν∇σ(f ′(G2)R ν σβ α ). (A13)
11
From this example, it is very easy to derive the last term in eq.(15).
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